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Abstract. A C*-algebra A is C*-reflexive if any countably generated Hilbert C*- 
module M over A is C*-reflexive, i.e. the second dual module M" coincides with M. We 
show that a commutative C*-algebra A is C*-reflexive if and only if for any sequence Ik 
of disjoint non-zero C*-subalgebras, the canonical inclusion ®klk C A doesn't extend to 
an inclusion of Yi^. Ik- 



1. Introduction 

The aim of the present paper is to study the C*-reflexivity property for Hilbert C*- 
modules over C*-algebras. The motivation comes from three sources. First, this property 
appears in our study of dynamical systems and group actions, where it was shown that 
some information about orbits can be detected from C*-reflexivity of the correspond- 
ing Hilbert C*-modules [3l 1^. Second, C*-reflexive Hilbert C*-modules are a natural 
setting for A-bilinear functions on them. Third, there was a series of papers providing 
various sufficient [71 [131 S] and necessary [9] conditions for Hilbert C*-modules over com- 
mutative C*-algebras to be C*-reflexive. The main result of this paper is a criterion for 
C*-reflexivity in the commutative case. 

Let us recall some basic facts about the dual and the second dual of a Hilbert C*- 
module [H] (see also [B]). For a Hilbert C*-module M over a C*-algebra A, the dual 
Banach module M' is defined [9] as the set of all A-module bounded linear maps from 
M to A (such maps are called functionals) . Iterating this procedure, one gets the second 
dual module M" . 

There are isometric inclusions M C M" C M' for any Hilbert C*-module M. The 
identifications are defined as follows. First of all we have the map M — )■ M', m rh, 
rh{s) = (s,m) for any s G M. Then we can define the map M — )■ M", m H- m, 
rh(/) = /(m) for any / G M'. Finally, M" M', F h-> F is defined by F{m) = F{m). 
The A- valued inner product of M can be extended to M" by the formula {F, G) = G{F) 
and thus M" becomes a Hilbert C*-module [9]. 

A Hilbert C*-module M is self-dual if M' = M. There are very few C*-algebras, for 
which all Hilbert C*-modules are self-dual, only finitedimensional C*-algebras have this 
property [2]. C* -reflexivity (i.e. M" = M) is a more common property. For example, all 
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countably generated Hilbert C*-modules over the C*-algebra of compact operators with 
adjoined unit are C*-reflexive [12]. 

Due to the Kasparov's stabihzation theorem [5], any countably generated Hilbert C*- 
module over a C*-algebra A is C*-reflexive if the standard Hilbert A- module Ha = ^2(^) 
is C*-reflexive. We call a C*-algebra A C* -reflexive if is C*-reflexive. 

It was shown by Paschke [10] that infinitedimensional von Neumann algebras are not 
C*-reflexive. On the positive, it is known that C{X) is C*-reflexive for nice spaces X. 

Theorem 1.1. Let X he a compact metric space. Then C{X) is C* -reflexive. 

The first version of a proof was given by Mishchenko [^. Then Trofimov [13] realized 
that the formulation in [7] was too general and provided a proof for any compact X with 
a certain property L, which, in fact, is the same as the property of being a Baire space. 
Although the main part of the proof in [13] is correct, it was overlooked that implicitly 
X was assumed to be a metric space. Trofimov's proof was corrected in [1]. 

Many examples of C*-reflexive modules arising from group actions were obtained in our 
previous papers [31 H]. 

The main result of this paper is the criterion for C*-reflexivity for commutative C*- 
algebras, which is given in either topological or algebraic terms. 

2. Topology preliminaries: the Baire property and the Stone-Cech 

compactification 

Definition 2.1. ([8i p. 155]) A space X is said to be a Baire space if the following 
condition holds: Given any countable collection {A„} of closed subsets of X each of 
which has empty interior in X, their union UA„ also has empty interior in X. 

Theorem 2.2 (Baire category theorem). [SJ Theorem 48.2] If X is a compact Hausdorff 
space or a complete metric space, then X is a Baire space. 

Theorem 2.3. P, Theorem 48.5] Let X he a space; let (y, d) he a metric space. Let 
fn'.X-^Y he a sequence of continuous functions such that fn{x) — t- f{x) for all x & X , 
where f : X ^ Y. If X is a Baire space, the set of points at which f is continuous is 
dense in X . 

Proofs of the statements of the following theorem can be found e.g. in [H Sect. 3.6]. 

Theorem 2.4. Suppose, X is a compact Hausdorff space with a dense subset Y . Then 
the following properties are equivalent: 

1) X is the Stone-Cech compactification [5Y ; 

2) any hounded continuous function on Y can he extended to a continuous function on X . 

3. Hilbert C*-modules preliminaries 

Recall that the standard Hilbert C*-module Ha = hiA) is the set of all sequences 
(ai, a2, . . .), ai, a2, . . . G A, such that the series Yl^i '^I'^i norm convergent in A. 

For Ha = hiCi^X)) the dual module can be described as follows (see, e.g. [6], Prop. 
2.5.5): 

, N ^ N 

(1) if;= / = (A,/2,...), /.gC(X), supllj^/;/,: <oo , ii/f = sup||^/;/. . 



REFLEXIVITY CRITERION FOR HILBERT C*-MODULES 



(By II • II we denote the sup norm on X.) 

Unfortunately, there is no similar description of the second dual module H'J^ for general 
A, but in the commutative case we have some results on elements of H'J^. The proof of 
the following statement is close to an argument of [13]. 



Lemma 3.1. Suppose {Fi,F2, . . . ) G H'^ represents an element F e H'^. Let E be the 
continuity set of the point-wise limit $(a;) := '^iF*{x)Fi{x) . Then, for any Xq E E and 
any f e H'^, the limit of'^-F*{xo)fi{xo) equals the value of the continuous function F (f) 
at this point. 

Remark 3.2. By Theorem 12.31 the set E is dense in X. 

Proof. Take xq E E and s > 0. Choose a neighborhood Uq 3 xo such that \^{x) — 
$(xo)| < e"^ for any x G Uq. Choose such that F*{xo)Fi{xo) < e^. Choose a 

neighborhood f/i C f/o of Xq such that 

N N 



Wx e Ui 



\Y,f:{x)f,{x)-y,f:{xo)f.{^o) 

1=1 i=l 

(this is possible because of continuity of this finite sum of continuous functions). Then, 

for any x E Ui, 

oo 

I J2 F*ix)F,ix)\ = \^x) - Y,F*ix)F,[ 

i=N+l i=l 
N N 



N 



< |$(x) - $(a;o)| + 



$(xo) -^i^*(xo)F,(xo) + \ J2F*ix)F,{x) - Y,F*{xo)F,(xo) 



i=l 



i=l 



i=l 



< 3 el 

Because of the isometric embedding H'^ C H'j^ (cf. [9]) this means that, for any continuous 
function A : X — [0, 1] with supp X G Ui and A(xo) = 1, we have the following estimate 
of the norm of an element of H'^: 

N 



XF-J2 ^F*ei < V3e 



1=1 



where are the images of the standard basis elements under the natural isometric inclu- 
sion HaC H'J^. For any f e H'j^ 



V3e 



> 



N N 

(AF-5^Ai^*e,)(/)[ = F{f){xo)-J2F*{xo)f.{xo) 

1=1 ^° 1=1 



□ 



Lemma 3.3. A sequence [Fi, F2, . . . ) G H'^ defines an element F of H'^ if and only if 
for each f G H'j^, there exists a continuous function aj such that the point-wise limit of 
the series YliFifi coincides with af on the dense set E of continuity points ofY^^F*Fi. 
In this case F{f) = a/. 

Remark 3.4. The mentioned point-wise limit always exists because at a point all our 
sequences become /2(C)-sequences. 
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Proof. The "only if" statement was proved in Lemma 13.11 

Conversely, let us define a functional F by the formula F{f) = «/• Evidently, it is 
an A-functional defined on if^. It is bounded by the Cauchy-Buniakovskiy inequality. It 
remains to show that, for the natural isometric embedding H'^ H'^^, F F, the element 
F corresponds to (Fi,F2,...), i.e. F{ei) = F*. Indeed, F{ei) = Fici) = EkFki'^i)k = 
F*, because in this case the point-wise limit is everywhere continuous. Here {ei)k denotes 
the /c-component of . □ 

4. A SUFFICIENT PROPERTY FOR 12{C{X)) TO BE C*-REFLEXIVE 
We start with a proof of a stronger version of [13] (see [1] for a corrected version of 

m)- 

Theorem 4.1. Suppose a compact Hausdorff space X does not contain a copy of the 
Stone-Cech compactification (3N of natural numbers N as a closed subset. Then l2{C{X)) 
is C* -reflexive. 

Proof Denote for brevity A := C(X), Ha := hiC^X)). Since H'^ C if^, its elements 
are represented by series as in ([T]). Such an element is in if and only if this series is 
norm-convergent . 

Let F = (Fi, F2,...) e H'X and set 




Obviously, Kp < \\F\\^, where is the least number C such that sup^-g^ Xli^i — 
C. By the Cauchy criterion, Kp = if and only if [Fi, F2, . . .) G H^. 

We will argue as follows: we will suppose that H'^ ^ and will prove that /3N C X. 
So we have an element (Fi, F2, . . . ) G H'^ such that Kp > 0. 

There exists a number m(l) such that the estimate 

m(l)-l 

mx)\'>\\F\\'-Kp/3 

i=l 

holds for at least one x G X. 
Set 

m(l)-l 

f/i = |xGX: J2 \Fi{x)\^ > \\Ff - Kp/s'j C X. 

i=l 

Set = F, = (0, . . . , 0, F^(i), F^(i)+i, . . .), where the first m(l) - 1 terms are 
zeroes. Then eH'^\HA and Kpi2) = Kp < ||F(2)||2. 
There exists a number m(2) > m(l) such that the estimate 

m(2)-l 

\F,{x)\'>\\F('^r-Kp/3 

i=m{l) 

holds for at least one x G X. 



REFLEXIVITY CRITERION FOR HILBERT C*-MODULES 

Set 



iiiyj:, J — J. 



m(2)-l 
i=m(l) 

Proceeding as above, we get an increasing sequence of numbers m{k) and a sequence 
of non-empty open sets Uk C X such that 

m(fc)-l 

U, = {xeX: J2 \F^ix)\'>\\F^'^r-KF/3y 

i=m(k—l) 

Suppose that t/j fl f// 7^ for some j,l, j < 1. Take xq E Uj H Ui. Then 

m,{j) — l 

(2) £ |F,(xo)P>||F(^-)f-/W3; 

i=m(j-l) 

m(Z)-l 

(3) |i^.(^o)|' > WF^'^f - Kf/3 >Kf- Kf/3 = 2Kf/3. 

i=m{l—l) 

Summing up ([2]) and ([3]), we get 

m{l)-l 

||ir(i)||2> \Fi{xo)\^>\\F^'^\\^-KF/3 + 2KF/3=\\F^^^\\^ + KF/3. 

i=m(j~l) 

The obtained contradiction proves that the open sets f/^, k G N, (and their closures) 
do not intersect. Choose a sequence of points Xk G Uk- 

If C X is the (dense) set of continuity points of Yli^iFi then one can assume also 
that Xk & E for each k. 

Let N := {xi, X2, . . . }. We wish to show that the closure N of N in X is homeomorphic 
to f3N. This is equivalent (see Theorem 12. 4p to the following property: any bounded 
function on N can be extended to a continuous function on N. 

Our functional F should be able to be evaluated on elements of H'j^. In particular, take 
any bounded sequence {A^}, G C. Choose functions (7^ : X — )■ [0,1], supp(7fc C Uk, 
9k{xk) = 1. Then the sequence 

(/i,/2,---) = (Ai||Fi(a;i)||5fi,...,Ai||F„(i)(xi)||5(i, 

A2||i^m{l)+l(a;2)||5'2, • • • , A2||Fm(2)(a;2)||5'2, • • • ) 

belongs to H'j^. By Lemma [STTl the series J^i^ifi converges over N point-wise to a 
continuous function F{f) G C(X). In our case, 

m(fc+l)-l 

F{f){xk) = Xk- Yl F:{xk)F,{xk). 

i=m{k) 

Thus, varying the sequence {A^}, we can obtain any bounded sequence of complex num- 
bers, as the sequence of values F{f){xk)- Therefore, any bounded function on N, which is 
automatically continuous on N, should be extendable to a contuinuous function on M C X 
and on entire X. □ 
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5. A CRITERION FOR C*-REFLEXIVITY 

A more careful analysis of the argument in the previous theorem implies that instead 
of embedding N (and then (3N), we should embed something coarsely equivalent to N, but 
more compatible with the topology on X. 

Recall that if {Ak} is a sequence of Banach spaces then one can form their direct 
product rifc ^fc (resp. direct sum (Bk^k), which is the Banach space of all bounded 
sequences (ai,a2, . . .), G Ak, (resp. of all sequences with limfc_^oo llc^fcll = 0) with the 
norm ||(ai,a2, • • .)|| = sup^ \\cik\\- If all Ak are C*-algebras then both (BkAk and Hfc^'s 
C*-algebras. 

Let U C X be an open subset. Then there is a canonical inclusion of Co{U) = 
Ker(C(X) C{X \ U)) into C{X). For a sequence {Uk}, Uk C X, k e N, of open 
disjoint sets, there is always a canonical inclusion Q)kCo{Uk) C C{X). Sometimes this 
canonical inclusion can be extended to an inclusion of Ylk^oiUk) into C{X). In this case 
we call such inclusion canonical as well. 

Existence of such inclusion of ideals can be expressed in topological terms: the canonical 
inclusion of UkUk in X extends to the canonical inclusion of the Gelfand spectrum Y of 
UkCoiUk) into X. 

Example 5.1. Let X = [0,1], Uk = Then the inclusion ®kCo{Uk) C C{X) 

doesn't extend to an inclusion of Ylk Co{Uk). Indeed, if we take fk G Co{Uk) with = 1 
then the function on X that coincides with fk on each Uk is not continuous on X. 

Example 5.2. Let X = Uk = {k} G N. Then Co{Uk) = C, and there is a canonical 
inclusion of Ylk^oiUk) into l°° = C{f3N) (in fact, they coincide). 

Lemma 5.3. LetC{X) be not C* -reflexive. Then there exists a sequence {Uk} of disjoint 
open subsets of X such that Ylk^oiUk) is canonically included into C{X). 

Proof. Let (Fi, F2, . . .) G H'^ \ H^. As in the proof of Theorem 14.11 one can construct 

• a number K > {] (one can take K = 2Kp/3)] 

• an increasing sequence {m{k)}km of integers; 

• a sequence Ui,U2, . . . of open subsets of X 
such that 

(1) Z7,nf7, = 0ifz7^j; 

(2) K < ET-Mkl' < for any x G Uk. 

Let \k G CoiUk). Note that Xk ■ F e Co{Uk) C C{X) for any F G C{X). Note 
that the function gk{x) = YlT-m{k) ^ invertible on Uk. For a sequence 
A = (Ai,A2,...), set 

= (/l! /2, • • •) = i^lFlQi^, . . . , XlFm{l)gi^, A2-Fm{l)+lfi'2'\ • • • , A2-Fm(2)5'2'\ • • •)• 

If the sequence A is bounded (i.e. lies in Ylk^oiUk)) then f^ G H'^. 

Let Y = UkUk \ Ufcf/fc. Then X \ F is dense in X and, for any x & X \ Y , the series 
F* (x) fi{x) converges either to 0, if x G X \ UkUk, or to Afc(x), if x G Uk- 

Define a map Ylk^oi^k) — ^ C{X) by A i-t- F{f^). It is well-defined due to continuity 
of F{f) for each / G H'^. And it is obviously injective and coincides with the canonical 
inclusion of each Co{Uk) into C{X). □ 



REFLEXIVITY CRITERION FOR HILBERT C*-MODULES 



7 



Lemma 5.4. Let there exist a sequence {Ik} of non-trivial left ideals in a C*-algebra A 
such that 

(1) I^Ii = whenever k ^ I; 

(2) Hfc-^fc canonically embeds into A. 
Then A is not C* -reflexive. 

Proof Take Ofc G Ik such that ||afc|| = 1. Let F = (ai,a2....). As the series ^^^k^k 
doesn't converge in norm, F ^ Ha = hiA). Let us show that F e H'J^. Take some 
/ = (/i, /2, • • •) e H'^. Then we can define F{f) as F{f) = alfk := {a*Ji, . . .)• 
As Ik is a left ideal, so alfk G Ik- As / G -ff^, so the sequence {alfa2f2, • • •) is bounded, 
hence lies in Ylk -^fc, hence, by assumption, in A. Thus F{f) G A is well-defined. 

□ 

So, we have proved the following theorem. 

Theorem 5.5. The module 12{C{X)) is not C* -reflexive if and only if there exists a 
sequence {Uk} of open pairwise non-intersecting non-empty sets in X such that 

l[CoiUk)cCiX). 

k 

Proof. This follows from the two preceding lemmas, li A = C{X) then Co{Uk) are the 
(left) ideals required in the second Lemma. □ 

Now, keeping in mind the Kasparov stabilization theorem and some evident topological 
argument, we can reformulate this theorem in the following way. 

Theorem 5.6. Any countable generated Hilbert C* -module over C{X) is C* -reflexive if 
and only if there does not exist any sequence of orthogonal ideals Ik G C{X) such that 

m4cc(x). 

We conjecture that the same condition gives a criterion for C*-refiexivity for general 
(non-commutative) C*-algebras. 

6. An EXAMPLE 

Let A be the C*-subalgebra of l°° that consists of all sequences {ari}„gN such that 
lim„_i.oo — a„| = 0. This C*-algebra is the algebra of all continuous functions on the 
Higson compactification uN of N [TT] . 

Theorem 6.1. The C*-algebra A = C{uN) is C* -reflexive. 

Proof. Assume the contrary. Then there exist disjoint open subsets t/fc, /c G N, of z/N 
such that WkCoifJk) C A. Being an open set of z/N, each Uk contains at least one point 
of M. Let Uk G Uk he such a point. Each point of N is also an open set of i^M, and 
C = Co({nfc}) C Co(f/fc). Therefore, nfc^o({^A:}) C A. Take an arbitrary sequence 

{a„}„eN e nC'o({'^fe})- 

k 

Set M = N \ Ufc{nfc} = {mi,m2, . . .}. As {a„,}„gN G Ilfc C'o({?^fc}), so a„ = for any 
n G M. 
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If M is finite then the sequence {anjnGN ^ Ylk Co{{nk}) is (modulo several first terms) 
an arbitrary bounded sequence, which contradicts that this sequence lies in A. If M is 
infinite then for each n there is a number m > n such that one can find integers ki and 
k2 such that n^^ > m, > m and In^j — m^jl = 1. As 0^^^ = ^"^^ '^uk-^ may take 
an arbitrary value, so we get a contradiction with the condition lim„_j.oo |an+i — Onl = 0. 
Getting contradictions in both cases, we conclude that our assumption was false. □ 

Remark 6.2. Note that there exists a (non-canonical) inclusion /3N C z/N. Indeed, let 
{nfcjfcgN be an increasing sequence of integers such that 



lim Uk+i — Uk = 00. 
k—^00 

Set bk = a„j.. The map {a„}„gN ^ {bk}keN gives a *-homomorphism from A to and 
an easy check shows surjectivity of this map. Therefore, the map k ^ extends to a 
continuous injective map /3N — )■ z/N. 

This shows that our sufficient condition from Section H] is not a necessary condition. 
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